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NON-MINIMAL BRIDGE POSITIONS OF TORUS KNOTS ARE
STABILIZED
MAKOTO OZAWA
Abstract. We show that any non-minimal bridge decomposition of a torus
knot is stabilized and that n-bridge decompositions of a torus knot are unique
for any integer n. This implies that a knot in a bridge position is a torus knot
if and only if there exists a torus containing the knot such that it intersects
the bridge sphere in two essential loops.
1. Introduction
Throughout this paper we work in the piecewise linear category.
Knot theory treats all embeddings of the circle S1 into the 3-sphere S3 up to
equivalence relation by orientation preserving homeomorphisms of S3, and it is
most fundamental and important problem to determine whether given two knots
are equivalent and furthermore to describe how one can be deformed to another.
In [31], Schubert introduced the bridge number of knots, that is, the half of
minimal number of intersection of a 2-sphere S with a knot K which cuts the pair
(S3,K) into two trivial tangles (B1, T1) and (B2, T2). Since a knot is trivial if and
only if it has the bridge number 1, the bridge number measures some complexity
of knots.
Two bridge decompositions (B1, T1) ∪S (B2, T2) and (B′1, T
′
1) ∪S′ (B
′
2, T
′
2) of a
pair (S3,K) are said to be equivalent if there exists an orientation preserving home-
omorphism of S3 which sends one to another. Since we may assume that S = S′,
B1 = B
′
1 and B2 = B
′
2, this condition can be replaced by the following condi-
tion: there exist homeomorphisms f1 of B1 and f2 of B2 such that f1(T1) = T
′
1,
f2(T2) = T
′
2 and f1|S = f2|S . Therefore, the bridge decomposition has a merit in a
sense that it can decompose an orientation preserving homeomorphism of S3 into
two homeomorphisms of B1 and B2 if the knot admits a unique n-bridge decom-
position.
In exchange for this, bridge decompositions of a knot K are not unique generally
even if it has the minimal bridge number. For example, Birman ([4]) and Montesinos
([20]) gave an example of composite knots and prime knots respectively which admit
at least two equivalence classes of minimal bridge decompositions. The following
theorem seems to be well-known since it can be proved by showing that Reidemeister
moves ([2], [28]) can be achieved by bridge isotopies and stabilizations (this has been
also pointed out by Joel Hass).
Theorem 1.1 (well-known). All bridge decompositions of a knot are stably equiv-
alent.
2000 Mathematics Subject Classification. Primary 57M25; Secondary 57Q35.
Key words and phrases. torus knot, bridge decomposition, bridge position, bridge presentation,
stabilization, stabilized, unstabilized, stably equivalent.
1
2 MAKOTO OZAWA
This theorem says that any two bridge decompositions are equivalent after some
stabilizations. (The term “stabilization” in [4], [22], etc is exchange for “pertur-
bation” in [30], [37], etc. since they studied a generalized bridge decomposition of
knots in a 3-manifold and the term“stabilization” has been already used for Hee-
gaard splittings.) This result corresponds to Reidemeister-Singer’s theorem [28],
[35]: all Heegaard splittings of a closed orientable 3-manifold are stably equivalent.
And also, this is compared to Markov theorem [19]: all closed braid representatives
of a knot are stably equivalent.
S
K
Figure 1. Stabilization (Perturbation)
Toward the unknotting problem, Otal (later Hayashi and Shimokawa, the author)
showed the following theorem.
Theorem 1.2 ([22], [12], [24]). Any non-minimal bridge decomposition of the trivial
knot is stabilized.
This theorem says that any two n-bridge decompositions of the trivial knot are
equivalent since the trivial knot admits a unique 1-bridge decomposition. Thus, a
knot K with an n-bridge decomposition (B1, T1) ∪S (B2, T2) is trivial if and only
if there exists a 2-sphere F containing K such that F ∩ S consists of a single loop
([24]). This result corresponds to Waldhausen’s theorem [38]: any non-minimal
Heegaard splitting of the 3-sphere is stabilized, and by Alexander’s theorem [1],
any two genus n Heegaard splittings are equivalent.
Furthermore, Otal (later Scharlemann and Tomova) showed the following theo-
rem.
Theorem 1.3 ([23], [30]). Any non-minimal bridge decomposition of a 2-bridge
knot is stabilized.
This theorem says that any two n-bridge decompositions of a 2-bridge knot
are equivalent up to reflection since a 2-bridge knot admits at most two 2-bridge
decompositions and they are related by the reflection with respect to the bridge
decomposing 2-sphere. This result corresponds to Bonahon-Otal’s theorem [6]: any
non-minimal Heegaard splitting of a lens space is stabilized.
In this paper, we show the following theorem.
Theorem 1.4. Any non-minimal bridge decomposition of a torus knot is stabilized.
We remark that b(K) = min{p, q} for a (p, q)-torus knot K (p, q > 0), where
b(K) denotes the bridge number of K. This was proved by Schubert [31] and later
Schultens [34], the author [24]. Furthermore, n-bridge decompositions of a torus
knot are unique for any integer n since a torus knot admits a unique minimal bridge
decomposition.
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Corollary 1.5. A knot K with an n-bridge decomposition (B1, T1) ∪S (B2, T2) is
a torus knot if and only if there exists a torus F containing K such that F ∩ S
consists of two essential loops.
It is clear that if a bridge decomposition of a knot is minimal, then it is unsta-
bilized. Theorem 1.2, 1.3 and 1.4 show that the converse holds for the trivial knot,
2-bridge knots and torus knots respectively.
Problem 1.6. Is any non-minimal bridge decomposition of a knot stabilized?
In this respect, Casson and Gordon [7] (later Kobayashi [16], Lustig and Moriah
[18], Moriah, Schleimer and Sedgwick [21]) showed that there exists a 3-manifold
which admits unstabilized Heegaard splittings of arbitrarily large genus. Therefore
it is expected that there exists a knot which admits non-minimal unstabilized bridge
decompositions.
Theorem 1.2 and 1.4 show that for any integer n, there exists a unique n-bridge
decomposition of the trivial knot and a torus knot respectively, and Theorem 1.3
shows that for any integer n, there exist at most two n-bridge decompositions of a
2-bridge knot. Generally, Coward showed the following theorem.
Theorem 1.7 ([9]). There exist only finitely many bridge decompositions of given
bridge numbers for a hyperbolic knot.
This result corresponds to Li’s settlement [17] of the Waldhausen conjecture:
there exist only finitely many Heegaard splittings of given Heegaard genus for a
closed, orientable, irreducible and atoroidal 3-manifold.
In despite of this, Jang [14] showed that there exists a 3-bridge link which admits
infinitely many 3-bridge decompositions. And also Sakuma [26] (later Morimoto
and Sakuma [27], Bachman and Derby-Talbot [3]) showed that there exists a 3-
manifold which admits infinitely many minimal genus Heegaard splittings. We also
remark that Jang [15] classified 3-bridge algebraic links and moreover, for non-
Montesinos ones, she also given a classification of 3-bridge decompositions of each
link.
2. Definitions and related results
2.1. Three definitions of the bridge number. Let K be a knot in the 3-sphere
S3, and F be a 2-sphere embedded in S3 which intersects K in 2n points (n ≥ 1).
Then by the Alexander’s theorem [1], F decomposes S3 into two 3-balls B1 and
B2, and K into two collections T1 and T1 of n arcs. Then the pair (Bi, Ti) is
called an n-string tangle, and we say that the pair (S3,K), or simply K, admits an
n-string tangle decomposition (B1, T1) ∪F (B2, T2). We say that a tangle (Bi, Ti)
is trivial if there exists a disk D properly embedded in Bi such that D ⊃ Ti,
and that K admits a trivial n-string tangle decomposition, or simply an n-bridge
decomposition, (B1, T1)∪F (B2, T2) if both of (B1, T1) and (B2, T2) are trivial. The
bridge number b(K) is defined as the minimal number of n such that K admits an
n-bridge decomposition.
There are at least two other definitions of the bridge number as follows.
First suppose that a knot K is disjoint from ±∞ = (0, 0, 0,±1) ∈ R4 and let
p : S3 − {±∞} → S be a projection by regarding S3 − {±∞} as S × R. Then we
say that p(K) is a regular projection if it has only transverse double points, and a
regular diagram K˜ of K is a regular projection with an over/under information on
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its double points, namely crossings. We say that a subarc of K˜ is an over bridge
(resp. under bridge) if it contains only over crossings (resp. under crossings). A
partition K˜ = K+1 ∪K
−
1 ∪ · · · ∪K
+
n ∪K
−
n is called an n-bridge presentation of K
if K+i is an over bridge and K
−
i is an under bridge for i = 1, . . . , n. The bridge
number b(K) is defined as the minimal number of n such that K admits an n-bridge
presentation.
Next let h : S3 → R be the standard Morse function, that is, the restriction of
R
4 = R3 × R → R on S3. We may assume that K is disjoint from ±∞ and K
has only finitely many critical points with respect to h. We say that K is in an
n-bridge position if K has just n maximal points and n minimal points, and all
maximal (resp. minimal) values are greater (resp. less) than 0. Then the 2-sphere
S = h−1(0) is called an n-bridge sphere for K.
It is well known that the above three definitions are equivalent. We do not prove
this here, but Scharlemann’s survey [29] is a good reference.
Proposition 2.1. The following are equivalent.
(1) A knot K admits an n-bridge decomposition with a bridge sphere S.
(2) A knot K admits an n-bridge presentation with a bridge sphere S.
(3) A knot K admits an n-bridge position with a bridge sphere S.
2.2. On the connected sum of knots. Let Ki (i = 1, 2) be a knot in S
3
which admits an ni-bridge decomposition (B
+
i , T
+
i ) ∪Fi (B
−
i , T
−
i ). Pick one point
pi of Ki ∩ Fi and take a small regular neighborhood Ci of pi so that the pair
(Ci,Ki ∩ Ci) is a trivial 1-string tangle. Then we obtain an (n1 + n2 − 1)-bridge
decomposition ((B+1 − intC1)∪ (B
+
2 − intC2), (T
+
1 − int(K1 ∩C1))∪ (T
+
2 − int(K2 ∩
C2))) ∪(F1−int(F1∩C1)∪(F2−int(F2∩C2)) ((B
−
1 − intC1)∪ (B
−
2 − intC2), (T
−
1 − int(K1 ∩
C1)) ∪ (T
−
2 − int(K2 ∩ C2))) for a connected sum K1#K2 of K1 and K2, and
we denote it by (B+1 , T
+
1 ) ∪F1 (B
−
1 , T
−
1 )#(B
+
2 , T
+
2 ) ∪F2 (B
−
2 , T
−
2 ). Thus, we have
b(K1#K2) ≤ b(K1) + b(K2) − 1. Schubert (later Schultens) showed the converse
inequality: b(K1#K2) ≥ b(K1) + b(K2) − 1. The proof involves the following
theorem.
Theorem 2.2 ([31], [33], [10], [13]). For any n-bridge decomposition (B1, T1) ∪S
(B2, T2) of a composite knot K, there exists a decomposing sphere F for K such
that F ∩ S consists of a single loop.
This theorem says that any bridge decomposition of a composite knot K1#K2
can be decomposed into two bridge decompositions of K1 and K2. This result
corresponds to Haken’s theorem [11]: for any Heegaard splitting of a reducible
closed orientable 3-manifold, there exists an essential 2-sphere which intersects the
Heegaard surface in a sigle loop. This shows that the Heegaard genus is additive
under connected sum. And also, this is compared to Birman-Menasco’s theorem
[5]: for any closed braid representatives of a composite knot K, there exists a
decomposing sphere F for K such that F intersects the braid axis in two points
after some exchange moves. Since an exchange move does not change the braid
index, this shows that the braid index (−1) is additive under connected sum.
2.3. Stabilization and stably equivalent. Now we define the stabilization and
stably equivalent of bridge decompositions as follows. Let K0 be the trivial knot
which admits a 2-bridge decomposition (B+0 , T
+
0 )∪F0 (B
−
0 , T
−
0 ). It follows by The-
orem 1.2 that there exists a 2-sphere which contains the trivial knot and intersects
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F0 in a single loop. The stabilization of an n-bridge decomposition (B
+, T+) ∪F
(B−, T−) of a knot K is an operation to obtain a new (n + 1)-bridge decomposi-
tion (B+, T+) ∪F (B−, T−)#(B
+
0 , T
+
0 ) ∪F0 (B
−
0 , T
−
0 ) of K#K0 from (B
+, T+) ∪F
(B−, T−), and the resultant bridge decomposition is said to be stabilized. See Fig-
ure 1. We say that a bridge decomposition is unstabilized if it is not stabilized. Two
bridge decompositions (B+1 , T
+
1 )∪F1 (B
−
1 , T
−
1 ) and (B
+
2 , T
+
2 )∪F2 (B
−
2 , T
−
2 ) are stably
equivalent if they are equivalent after some stabilizations, namely, there exist non-
negative integers m,n such that (B+1 , T
+
1 )∪F1 (B
−
1 , T
−
1 )#
m(B+0 , T
+
0 )∪F0 (B
−
0 , T
−
0 )
and (B+2 , T
+
2 ) ∪F2 (B
−
2 , T
−
2 )#
n(B+0 , T
+
0 ) ∪F0 (B
−
0 , T
−
0 ) are equivalent.
2.4. Weakly reducible bridge decompositions. Casson and Gordon [8] showed
that if a Heegaard splitting of a closed orientable 3-manifoldM is weakly reducible,
then either it is reducible or M contains an essential surface. This result was
generalized by Hayashi and Shimokawa (later Tomova) to a 3-manifold containing
a 1-manifold as follows. A bridge decomposition (B+, T+) ∪F (B−, T−) of a knot
K is weakly reducible if there exists a pair of compressing disks D± for F −K in
B±−T± such that D+∩D− = ∅, and otherwise it is strongly irreducible. A properly
embedded surface S in the exterior E(K) of K is an essential meridional surface
if ∂S consists of meridians of K and S is incompressible and ∂-incompressible in
E(K). The following theorem has been reduced to bridge positions of a knot in S3.
Theorem 2.3 ([13], [37]). If a bridge position of a knot is weakly reducible, then
either it is stabilized or the knot exterior contains an essential meridional surface.
2.5. Essential Morse bridge position. Following [24], we define a Morse bridge
position of a pair (F,K) of a closed surface F containing a knot K with respect
to h : S3 → R as follows. We divide S3 into three parts M+, M0 and M− so that
M± ∩M0 = h−1(c±) is a level 2-sphere for c+ > 0 > c−. We say that a pair (F,K)
with a bridge decomposition (B+, T+)∪S (B
−, T−) is in a Morse bridge position if
(1) h|F is a Morse function,
(2) K is disjoint from critical points of F ,
(3) all maximal (resp. minimal) points of F are contained in M+ (resp. M−),
(4) all saddle points of F are contained in M0,
(5) (M±,K ∩M±) is homeomorphic to (B±, T±) as a pair,
(6) (M0,K ∩M0) is homeomorphic to (S,K ∩ S)× I as a pair,
(7) S = h−1(0).
Let x be a saddle point of F which corresponds to the critical value tx ∈ R.
Let Px be a pair of pants component of F ∩ h−1([tx − ǫ, tx + ǫ]) containing x for
a sufficiently small positive real number ǫ. Let C1x, C
2
x and C
3
x be the boundary
components of Px, where we assume that C
1
x and C
2
x (“thigh” loops) are contained
in the same level h−1(tx ± ǫ), and C3x (a “waist” loop) is contained in the another
level h−1(tx ∓ ǫ). A saddle point x of F is upper (resp. lower) if C1x and C
2
x are
contained in h−1(tx− ǫ) (resp. h−1(tx+ ǫ)). See Figure 2. A saddle point x of F is
essential if both of the two loops C1x and C
2
x are essential in F , and it is inessential
if it is not essential. A Morse bridge position of a pair (F,K) is said to be essential
if F has no inessential saddle point.
Lemma 2.4 ([24],[34]). A pair (F,K) of a closed surface F containing a knot K
with a bridge decomposition (B+, T+)∪S (B−, T−) can be isotoped in its equivalence
class so that it is in an essential Morse bridge position.
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Figure 2. A pair of pants Px containing a saddle point x
3. Proof of Theorem 1.4
Proof. Let K be a (p, q)-torus knot (2 ≤ p < q) in S3 which admits a non-minimal
n-bridge decomposition (B+, T+) ∪S (B−, T−) (p < n). Since K is a torus knot,
there exists a torus F containing K such that F separates S3 into two solid toriW1
and W2, where we assume that W1 contains a meridian disk w1 with |∂w1 ∩K| = p
and W2 contains a meridian disk w2 with |∂w2 ∩K| = q.
Lemma 3.1. If a bridge decomposition of a torus knot is weakly reducible, then it
is stabilized.
Proof. Since the torus knot exterior does not contain an essential meridional surface
[36], this lemma follows Theorem 2.3. 
Hereafter, we assume that (B+, T+) ∪S (B−, T−) is strongly irreducible.
Proposition 2.1 shows that K admits an n-bridge position with respect to the
hight function h : S3 → R, where S = h−1(0), B± = h−1([0,±∞)). Then we
apply Lemma 2.4 to the pair (F,K). Since F is a torus, for each essential saddle
point x of F , the waist loop C3x bounds a disk Dx in F which contains only one
maximal or minimal point, and the thigh loops C1x and C
2
x are mutually parallel
essential loops in F . Since all thigh loops are parallel to either ∂w1 or ∂w2 in
F , each disk Dx contains at least p maximal (resp. minimal) points of K, where
x is an upper (resp. lower) saddle point. Two saddle points x and y of F are
said to be adjacent if one of C1x, C
2
x and one of C
1
y , C
2
y cobound an annulus in F ,
say Axy, which does not contain any critical point. We call such an annulus Axy
an adjoining annulus between x and y. With this notation, we have a partition
F = (
⋃
x∈X Px)∪ (
⋃
x∈X Dx)∪ (
⋃
x,y∈X Axy) of pairs of pants, disks and adjoining
annuli, where X is the set of all saddle points of F .
The following lemma says that the torus F is also in a “bridge position”, that
is, all upper saddle points are above all lower saddle points.
Lemma 3.2. There exists a level 2-sphere h−1(t) (c+ > t > c−) in M0 which
intersects all adjoining annuli.
Proof. This lemma follows the argument of [32, Lemma 6] and the assumpution that
(B+, T+)∪S (B−, T−) is strongly irreducible. If all upper saddle points are above all
lower saddle points, then this lemma holds. Otherwise, there exists a regular value
t0 ∈ R between adjacent critical values tx > ty which correspond to a lower saddle
point x and an upper saddle point y respectively, in other words, h−1(t0) is a “thin
sphere” for F . Then D′x = Dx ∩ h
−1([t0,−∞)) and D
′
y = Dy ∩ h
−1([t0,+∞)) are
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disjoint disks properly embedded in h−1([t0,−∞)) and h−1([t0,+∞)) respectively.
Since both of D′x and D
′
y contain at least p minimal or maximal points respectively,
if we isotope D′x and D
′
y slightly, then we have two disks which shows that a bridge
decomposition given by h−1(t0) is weakly reducible. By the condition (6) of Morse
bridge position, it follows that (B+, T+)∪S (B
−, T−) is also weakly reducible. This
contradicts the assumpution. 
By the condition (6) of Morse bridge position, we may assume that the level
2-sphere h−1(t) given in Lemma 3.2 is S = h−1(0). Thus F ∩ B± consists of
annuli each of which contains only one essential saddle point and only one maximal
or minimal point. Hereafter we denote this annulus decomposition of F by F =
A1 ∪ A2 ∪ · · · ∪ An in this order on the torus F , where n = |F ∩ S| and Ai ⊂ B+
(resp. Ai ⊂ B−) if i is odd (resp. even).
3.1. The case that |F ∩ S| ≥ 4. First we consider the case that |F ∩ S| ≥ 4. Put
Ci = Ai ∩ Ai+1 for i = 1, . . . , n− 1 and Cn = An ∩ A1. Let A′i be an annulus in S
which is cobounded by ∂Ai for i = 1, . . . , n.
There are three possibilities for a pair of adjacent annuli (Ai, Ai+1) (i = 1, . . . , n−
1) or (An, A1).
(1) “Normal”: Neither turning nor Reeb.
(2) “Turning”: intA′i ∩ intA
′
i+1 = ∅ (i = 1, . . . , n− 1) or intA
′
n ∩ intA
′
1 = ∅.
(3) “Reeb”: A′i ⊂ A
′
i+1 or A
′
i ⊃ A
′
i+1 (i = 1, . . . , n−1), or A
′
n ⊂ A
′
1 or A
′
n ⊃ A
′
1.
S
Ai
Ai+1
S
Ai
Ai+1
S
Ai
Ai+1
Normal Turning Reeb
Figure 3. Adjacent annuli
Lemma 3.3. Then one of the following holds.
(1) C1, . . . , Cn bound mutually disjoint disks D1, . . . , Dn in S.
(2) There exists a turning pair of adjacent annuli.
Proof. We suppose that there exists no turning pair of adjacent annuli, and show
that C1, . . . , Cn bound mutually disjoint disks D1, . . . , Dn in S.
If there exists a Reeb pair of adjacent annuli (Ai, Ai+1) such that A
′
i ⊃ A
′
i+1
without loss of generality, then (Ai+1, Ai+2) is also a Reeb pair of adjacent annuli
such that A′i+1 ⊃ A
′
i+2 since Ci+1 is essential in A
′
i and there exists no turning
pair of adjacent annuli. As a consequence of this observation, we obtain an infinite
sequence A′i ⊃ A
′
i+1 ⊃ A
′
i+2 ⊃ · · · , a contradiction. Hence, all pair of adjacent
annuli are normal.
We show by an induction on k (k = 1, . . . , n − 1) that Cn, C1, . . . , Ck bound
mutually disjoint disks Dn, D1, . . . , Dk in S whose interiors are disjoint from A1 ∪
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· · ·∪Ak. We may assume without loss of generality that Cn is innermost in S among
all C1, . . . , Cn. First, it is clear that Cn, C1 bound mutually disjoint disks Dn, D1
in S whose interiors are disjoint from A1. Thus the induction holds on k = 1. Next
suppose that the induction holds for k < i and does not hold on k = i. Then Ci
bounds a disk Di in S with Di ∩ Di−1 = ∅ such that Di contains some disks of
Dn, D1, . . . , Di−3. This implies that there exists a “long Reeb”Aj ∪ Aj+1 ∪ · · · ∪
Aj+s−1 of length s (1 ≤ j ≤ i− 3, j + s− 1 = i), that is, a subsequence of annuli
between Aj and Ai such that Di ⊃ Dj−1 if 2 ≤ j ≤ i − 3 or Di ⊃ Dn if j = 1.
Since there exists no turning pair of adjacent annuli, we have A′j ⊃ A
′
i+1, A
′
j+1 ⊃
A′i+2, . . . , A
′
j+s−1 ⊃ A
′
i+s. Thus A
′
i ⊃ A
′
i+s and hence Ai+1 ∪ · · · ∪ Ai+s is also
a long Reeb of length s. Consequently, we obtain an infinite sequence A′i ⊃ · · · ⊃
A′i+s ⊃ · · · ⊃ A
′
i+2s ⊃ · · · , a contradiction. 
In the conclusion (1) of Lemma 3.3, there exists a core loop L of the solid torus
Wi (i = 1 or 2) such that L intersectsDi in one point for i = 1, . . . , n. Then we have
an n/2-bridge decomposition of a trivial knot L by S (n ≥ 4) and it is stabilized by
Theorem 1.2. This implies that an n-bridge decomposition (B+, T+) ∪S (B−, T−)
of K is also stabilized.
In the conclusion (2) of Lemma 3.3, without loss of generality, we may assume
that (A1, A2) is a turning pair of adjacent annuli. Let E1 ⊂ B+ and E2 ⊂ B− be
∂-compressing disks for A1 and A2 respectively.
Lemma 3.4. The ∂-compressing disk Ej (j = 1, 2) can be isotoped so that it
intersects Ai in essential arcs (i = 3, . . . , n).
Proof. Without loss of generality, we show this lemma only for E1.
We remark first that each annulus Ai (i = 3, 5, . . . , n − 1) separates the 3-ball
B+ into a 3-ball, say Bi, and a solid torus, say Vi, and Ai is ∂-parallel to A
′
i in Vi
since Ai is a “1-bridge annulus”, that is, it contains only one essential saddle point
and only one maximal point. We remark next that there are the following three
types for an annulus Ai in V1.
(1) ∂Ai consists of mutually non-parallel inessential loops in A
′
1.
(2) ∂Ai consists of mutually parallel inessential loops in A
′
1.
(3) ∂Ai consists of mutually parallel essential loops in A
′
1.
In this three types, an annulus of type (1) is not ∂-parallel to A′i in V1, and an
annulus of type (2) or (3) is ∂-parallel to A′i in V1. Let A be the set of annuli
contained in V1 from Ai (i = 3, 5, . . . , n − 1), and ∂A ⊂ A be the set of annuli
which are ∂-parallel to A′1, in other words, an annulus Ai which satisfies A
′
i ⊂ A
′
1.
We show this lemma by an induction on l = |∂A|.
First if l = 0, then all annuli in V1 are of type (1). This shows that there exists
a string ti in Bi for all i such that N(ti) = Bi. Since Ai is a 1-bridge annulus, we
can take ti so that it is also 1-bridge with respect to h : B
+ → [0,+∞). Hence
ti bounds a disk ei with an arc t
′
i in S with ∂ti = ∂t
′
i such that ei ∩ ej = ∅ for
i 6= j. This shows that there exists a ∂-compressing disk Ei for Ai ∈ A such that
Ei ∩ Ej = ∅ for i 6= j. We have particularly E1 ∩ Ai = ∅ for i = 3, 5, . . . , n− 1.
Next suppose that the induction holds for l = k − 1, and let l = k. Without
loss of generality, we may assume that Ak is “outermost” in V1, that is, Vk does
not contain an annulus in ∂A. Let Ak be the set of annuli Ai ∈ A which are
contained in Bk (including Ak), and A′k be the set of annuli Ai ∈ A which are
contained in Vk. Thus A = Ak ∪ A
′
k. Since Ak is ∂-parallel in V1, the height
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function h : B+ → [0,+∞) can be extended to h′ : Bk → [0,+∞), and each
annulus Ai ∈ Ak is still a 1-bridge annulus with respect to h′. Therefore, by the
supposition of the induction for l = k−1, there exists a ∂-compressing disk E1 ⊂ Bk
for A1 such that E1 intersects each annulus Ai ∈ Ak in essential arcs. Furthermore,
E1 can be isotoped so that ∂E1 intersects Ak ⊂ ∂Bk in essential arcs since ∂Ak
consists of mutually parallel loops in A′1 and hence in ∂Bk∩V1. On the other hand,
since A′k does not contain an annulus which is ∂-parallel to A
′
k in Vk, there exists
a ∂-compressing disk Ek ⊂ Vk for Ak which is disjoint from Ai ∈ A′k as in the case
that l = 0. Then, we obtain the desired ∂-compressing disk for A1 by gluing E1
and |∂E1 ∩ Ak|-copies of Ek along the essential arcs of ∂E1 ∩ Ak. 
By Lemma 3.4, we have two ∂-compressing disks E1 and E2 for A1 and A2
respectively such that Ej ∩Ai consists of essential arcs for j = 1, 2 and i = 3, . . . n,
and these two disks can be isotoped so that their interiors do not intersect T± since
T± consists of mutually parallel essential arcs or inessential arcs in Ai. This shows
that an n-bridge decomposition (B+, T+) ∪S (B−, T−) of K is stabilized.
3.2. The case that |F ∩ S| = 2. Next we consider the case that |F ∩ S| = 2. In
this case, F ∩ B+ consists of a single annulus A1 and F ∩ B− consists of a single
annulus A2 both of which are 1-bridge with respect to h. Therefore the annulus
A1 separates B
+ into a 3-ball B1 and a solid torus V1, and A2 separates B
− into a
3-ball B2 and a solid torus V2. It follows that Ai is parallel to A
′
i in Vi (i = 1, 2).
We have ∂A1 = ∂A2 = C1 ∪C2, and C1 and C2 bound disks D1 and D2 in S with
D1 ∩D2 = ∅.
If there exists a string ti of T
+ which is inessential in A1 without loss of generality,
then an n-bridge decomposition (B+, T+) ∪S (B−, T−) of K is stabilized. Indeed,
ti and an arc t
′
i in Di with ∂ti = ∂t
′
i cobound a disk ei in B1, and an adjacent
string ti+1 of T
− and an arc t′i+1 in A
′
2 with ∂ti+1 = ∂t
′
i+1 cobound a disk ei+1 in
V2 since A2 is parallel to A
′
2 in V2.
Otherwise, T+ consists of essential and hence mutually parallel arcs in A1 and
T− also consists of essential and hence mutually parallel arcs in A2. Since an n-
bridge position (B+, T+) ∪S (B−, T−) of K is non-minimal, T± consists of q-arcs.
In this case, an n-bridge decomposition (B+, T+)∪S (B−, T−) of K is stabilized as
follows.
If we project T± into A′1 = A
′
2 so that it has minimal crossings up to isotopy of
T± in A′1 = A
′
2, then we have a q-bridge presentation of a (p, q)-torus knot. Then
there exists an isotopy of T+ in B+ such that (q − p)-pairs of adjacent over/under
bridges (ti, ti+1) have no crossing. Hence we obtain (q − p)-destabilizations for
(B+, T+) ∪S (B−, T−). Furthermore, there exists an isotopy of T− in B− which
gives a p-bridge presentation of a (q, p)-torus knot. For an example on p = 3 and
q = 5, see Figure 4.
This completes the proof of Theorem 1.4 and shows that minimal bridge decom-
positions of a torus knot are unique. 
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